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A. Derivative of Pose w.r.t. Control Points

The Jacobians defined in (14) and (15) require the derivative of a pose T'(t) € SE(3) at time ¢ w.r.t. to increments to the

four control points defining the pose, i.e., gféfg . Let t € [t1,t2) then T'(¢) is influenced by T o, Tc 1, Te 2, T 3.
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The increments are represented as 6-vectors belonging to the Lie algebra se(3). Therefore, the Jacobian is a 12 x 24 matrix.

The pose of a control point T¢; is updated with an increment AT¢; € se(3) with Ty < exp(ATe )T y.
Writing T'(¢) in terms of (4) using the control points and their increments we obtain:

T(t) = exp(ATc0)TooA1 A2 As (A.1)
with

A; =exp <Bi(u) log (( exp(ATCﬂ-,l)TCyi,l)_l exp(ATQi)TC,i)> . (A.2)

Therefore, each of the increments to T o, Tc,1, Tc,2 appears in two factors and the one to T 3 only in As. Writing the
Jacobians for every control point separatly and applying the product rule we get:

8T(t) _ 8 (eXp(ATC’O)TC_roAlAQAg) +3 (TCy()AlAQAg) 8A1 (A 3)
8ATCvO ATc 0=0 8ATC,0 aAl 8ATC70 ’
8T(t) _ 0 (TC70A1A2A3) 6A1 +8 (TC70A1A2A3) 8A2 (A 4)
OATC 1 | am. ,—o DA, OATe, DA, OATe, ‘
oT'(t) _ 0(Tc0A1A2A3) 0A; +8(TC,0A1A2A3) 0As (A5)
OATC 2 | a0 DA, OATC DA; OATc '
OT(t) _ 0(TopAi1ArAs) DAy A6
OATC3 | oy, 0 0A; AT 5 ‘

The derivatives for the first factor in each summand can be derived using formula (7.11) and (7.12) from [1]. The last missing

expressions are ﬁéi,l ATo 10 and agééi ATo =0’ Applying the chain rule we get:
0A; _ 89XP(£)‘ (o alOg(Té}iqDTC,i)
IATo,: ATc ;=0 o€ £€=Bi;(u)log(TZ;_,Tc,:) oD D=exp(ATc.;)
Oexp(ATc,;)

(A7)

IATc,i AT ;=0



For % the expression log(TgF1 exp(AT¢;)Tc,;) changes to log(Té}F1 exp(—ATc—1)Tc ),

let D = exp(—AT¢,;—1), we see that only the last factor in (A.7) is different for AT ;1 and AT ;. It turns out that

Oexp(ATc,;) _ Oexp(—ATc,;—1) (A8)
OATC  |am o IATC -1 |ame, -0
Therefore, we get gxomi— Ao o = 7% Azy,_o" This simplifies the derivatives in (A.3), (A4), (A.5) and

(A.6), because the last summand in (A.3) is given by the negative of the first summand in (A.4) and so on. Note that (A.7)
requires the Jacobian of the matrix exponential at a point different from identity. We derived an analytic expression for this
Jacobian from the closed form solution of the matrix exponential using a computer algebra system. We verified that the
derivative of the rotational part gives the same results as the formula derived by Gallego et al. [2]. It is important to have an

analytic expression for this Jacobian, because it has to be evaluated for every row in the image.
Blog(Té%iil exp(ATc,;)Tc,:) _ alog(TE&iil exp(—ATc,;i—1)Tc,:)

OATc,; ATe ;=0 - OATc -1 ATe i 1=0
Therefore, we only need one 6 x 6 Jacobian matrix for every knot interval which is independent of ¢ and which we pre-

compute once per iteration using numerical differentiation.

As we show above, it holds that
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